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I1. A Contribution to the Theory of Ferromagnetic Crystals.
By G. 5. Manasant (Fergusson C‘ollegé, Poona, and St. John’s College, Oambﬂ'dge).

(Communicated by R. H. FowLER, F.R.S.)

(Received May 5, 1928—Read November 1, 1928.)

Introduction.

THIs paper aims, in general, at giving an atomistic theory for magnetic phenomena
in ferromagnetic crystals. In particular, it explains theoretically WEBSTER’S experi-
mental results with regard to iron crystals.

As has been pointed out in the abstract,*, the fundamental fact of interest in experi-
ments on magnetic substances is that the direction ¢ of magnetization I does not in
general coincide with the direction ¢ of the external field H. Experiments on iron
crystals have now revealed that this deviation-effect (¢ — ¢) exists even in crystals
of cubic structure and a symmetrical boundary. In other words, cubical symmetry
does not make a body magnetically isotropic, as was erroneously assumed by Farapay,
TynpaLL and PLtcker. To account for this deviation, and in general to relate the
two directions ¢, ¢, with each other must certainly be the object of any theory bearing
on this subject. Accordingly, Wriss developed a macroscopic theory by introducing
the conception of the molecular field. This idea served many useful purposes, especially
in connection with pyrrhotite. But as is shown in the present paper, it is not adequate
to explain the phenomena in the case of crystals with a cubic structure.

With respect to the question of the molecular field in iron, the position as summarised
by Kunzin 1922, was that its existence had not been definitely established. WEBSTER’S
experiments mark an advance in the sense that not only do they establish the existence
of the molecular field in iron, but they also give the order of its magnitude. He has
had to give up, however, WEiss’s law of simple proportionality, and replace it by what
may be called a fourth-power law,—which, as will be shown is not acceptable on
physical grounds.

It seemed better to give up any a priori ideas of the molecular ﬁeld and start right
from the beginning with atomic actions. This alternative was conceived though not
followed up by both WepEr and Maxwerr. * The molecules do not turn their axes
parallel to x, and this is either because each molecule is acted on by a force tending to

* A contribution to the Theory of Ferromagnetism,” ‘ Proc. Camb. Phil. Soc.,” vol. 23, p. 136 (1926).
VOL. CCXXVIIL.—A 660 K [Published January 10, 1929.
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64 G. S. MAHAJANI ON A CONTRIBUTION TO

preserve it in its original position, or because an equivalent effect is produced by the
mutual actions of the entire system of molecules. WEBER adopts the former of these
suppositions as the simplest. . .”*

Now it may be that apart from the external field H, the internal field which governs
the magnetization I of a body arises partly from the mutual action of the molecular
magnets and partly from some other force of an obscure origin. The rational way of
proceeding, however, is to try and see if we cannot do with the mutual actions only
without assuming the existence of an extra force. This is the view-point adopted in
this paper. The subject-matter, the theory, and the principal achievements thereof
may be now briefly indicated.

Two types of ferromagnetic crystals are considered : 1, Iron, which has a cubic
structure ; and 2, Pyrrhotite which has a non-cubic structure.- The ultimate particles
that form the lattice-points of the structure are supposed to derive their magnetic
properties from the presence of permanent electronic orbits. A parameter ¢ is intro-
duced to denote the mean radius of an orbit. The energy due to the mutual actions
of the particles is calculated as a series of terms involving third, fifth, seventh powers
of 4/s, where s is the lattice-constant. The parameter o is also naturally involved.
The total energy of the system is then determined per unit volume, in an external field H,
and this energy density is made stationary tosearch for the steadystates of magnetization.
Temperature effects are left out of account, so that strictly the theory is a theory of the
magnetic properties of these crystals near the absolute zero.

The first part deals with cubic structures in saturation states ; and is devoted mainly
to the consideration of WEBSTER’s results. It is shown that the deviation-effect can
be accounted for both quantitatively and qualitatively by retaining the fifth-order terms
in the energy function.t Dz WaarD’s suggestion to identify each particle at a lattice-
point with a simple magnetic-doublet is shown to be inadequate, as it leads to an energy
function involving terms up to the third order only.

The second chapter discusses the position of Wriss’s molecular field in the present
theory. His hypothesis of simple proportionality between the molecular field H,, and
the magnetization I is generalized to cover the case of cubic structures. WEBSTER’S
empirical suggestion to adopt a fourth-power relation is rejected on theoretical grounds ;
and it is shown that the effective molecular field obeys the third-power law.

The third chapter is devoted to numerical tests. Consideration of WEBSTER’S curves
in the light of the present theory gives a to be of the order 10-°. The effective molecular
field which replaces the atomic actions is also shown to be of the same order of magnitude
as found by WEBSTER experimentally.

The second part deals with non-cubic structures in saturation states. Third-order
terms are found to be sufficient to explain the magnetic phenomena in this case. In
the cubic case, these terms involve no variable part of the energy, and hence the fifth-

* MAXWELL : ° Electricity and Magnetism,” vol. 2, p. 81.
T [Cf. BorN’s method of explaining the phenomenon of optical activity in cubic crystals.]
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THE THEORY OF FERROMAGNETIC CRYSTALS. 65

order terms have to be retained. Formule for pyrrhotite are worked out and the
same results are obtained as those of WEiss.

The third part attempts to extend the theory to non-saturation states.

Of the three appendices, Appendix B is important. Two interesting series which
occur in the theory are numerically calculated. The method was suggested by
Mr. A. E. INeaaAM. Appendix C consists of a few notes.

I wish to thank Prof. C. G. Darwin, F.R.S., who set me on to work at the problem of
WEBSTER’S experiments, Mr. WeBSTER himself and Dr. Kaprrza for occasional dis-
cussions with them, Mr. A. E. INe¢HAM and especially Mr. E. CunNINGHAM, St. John’s
College, for his interest and constant help throughout the course of this work.

PART 1.
CHAPTER 1.
Cubic Structures.

[1] Preliminary remarks and notation.—Consider a crystal C. The ultimate particles
(or say the atoms) which form the lattice-points of the structure are, so far as magnetic
phenomena are concerned, equivalent each to a certain magnetic element. To determine
the nature of these elementary magnets is the first important question, but to this we
shall return later. The second question is, ““ how are these magnetic elements disposed
in any steady state of the crystal ?”’ The regularity of the structure suggests the
following assumption. In any steady state, half the number of the magnetic elements
are pointing in one direction, with the remaining half in some other direction. In
the saturation case the two directions coincide, while in the neutral (i.e., non-
magnetized) state, they are just opposite.

This assumption of associating fwo directions with any state of magnetization lends
itself very easily for application to the principal types we are going to consider, viz.,
iron and pyrrhotite. The structure of iron is ““ space-centred cubic,” that is to say it
consists of two simple cubic lattices interlocked in such a way that the lattice-points of
either are the centres of the cells of the other. Likewise, DE WAARD suggests for
pyrrhotite, a hexagonal structure, consisting of two orthorhombic lattices interlocked,
as in the case of iron, in the “ space-centred-way > We now suppose that in either of
these two cases the magnetic elements of the two component simple lattices determine
the two directions spoken of in our fundamental assumption. In other words, all the
elements of the one lattice point in one direction, while all those of the other, in some
other direction.

Let & = Saturation value of magnetization I, for the crystal C.
¢ = Angle between the two directions.

Then obviously, the resultant magnetization of the crystal is

I =2.'§cos%¢ = J cos ¢.

K 2
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66 G. S. MAHAJANI ON A CONTRIBUTION TO

The following notation will be adopted throughout this paper :—

L,;, L, denote the two component simple lattices ;

(l, my m,), (ly mymy) denote the directions of the magnetic elements in I, L,

2

respectively, the frame of reference being taken with origin at a lattice-
point, and axes along the principal directions of the structure ;

(I m' n') denotes the direction of the external field H ;

©® denotes the volume of an elementary cell of either L, or L, ; so that

A A

»~3 denotes the density of magnetic elements per unit volume in either lattice.

It may be stated expressly that by the term “ magnetic element,”” elementary magnet,
or molecular magnet, we simply mean an equivalent simple element which would
produce the same magnetic effects as the actual atom with its complex nature does. It
is in this sense that we shall speak of the crystal as formed out of magnetic elements
building up the lattice-structure.

[2] Energy of the system.—Let the crystal C be placed in an external magnetic field H.
The effect will be to disturb the original state of its magnetization. To determine
the resulting state we apply the general principle of minimum energy. The energy-
function cannot be determined without knowing the nature of the magnetic elements.
The following alternative conceptions suggest themselves. We may identify the
“ elements ** with-——

OF

(1) simple doublets, moment p ;

(ii) magnets with small yet finite length ¢, moment y ;
(iii) elementary magnetic shells, strength p., effective mean radius « ;
(iv) permanent electronic orbits, with effective moment = i = a2 = p ;

(v) Current circuits subject to induction.

) §

Now (ii) includes (i) as a particular case; (iil) and (iv) lead exactly to one and the
same form for the energy ; and (v) has the same expression as (iii) and (iv) but with a
different sign.

In calculating the energy we shall for the present confine ourselves to the saturation
case only, for the following reasons :—

S

(1) The experimental results in WEBSTER’S paper refer mostly to high fields above
the saturation region.

SOCIETY

(2) In high fields effects of changes in temperature may be neglected.

(2) Though it is conceivable to have alternatives to the fundamental assumption of
magnetic elements arranging themselves into two groups with two directions,
still there can be no doubt that in the saturation case they all point in the same
direction.

OF
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THE THEORY OF FERROMAGNETIC CRYSTALS. 67

Thus the saturation case has the double advantage of involving few theoretical
difficulties, and furnishing reliable experimental evidence.

Starting with (i), 7.e., magnets with small measurable : /

ld v
length ¢ (bar-magnets), _ -m +am
Let 2w, = mutual potential energy of two parallel
magnets. Then d
20, = 2m?/r — m? [(r* + a® — 2ar cos 6)7* o [ o

+ (1 -+ a2 + 2ar cos 0)7¢]
= — 2m2a®P, (cos 0)/r* — 2u2a®P, (cos 0)/r" — ...,
Of this one half is the contribution of the one magnet, and one half of the other.

If we therefore consider the contribution to the energy arising from a magnet, taken
at the origin say, due to the presence of the others at the lattice-points, we get

W, =3 o, = — I/ (p2Pyr™3 + p2a?Pyr~5 +...)

Let us now consider, as in (iil) or (iv), permanent electronic orbits, circular, with
radius @, and axes parallel.
We get the mutual potential energy in the form* 4

2 ©, = — 2n232a4P, (cos 0) -3 -+ 6n22aSP, (cos 0) 73 ... “Z

Thus each electronic orbit would be responsible for P
energy, 6 -~
0y = — p2Pyr73 -+ 3p2a?Pr5...

in the presence of one other.

And hence
W, =2" 0, = —35" (p2Pyr™3 — 3p2a2P,r-5...).

In the last case (v), we get the same expression, except that the sign is reversed.
W3 == Z, wWg = "‘l“ E, (P«2P27’_—3 - 3(‘42“2]?47‘—5...)

Now, we have three different forms for the energy according to the assumption we
make about the nature of the elementary magnets. It will be seen, when we come
to consider WEBSTER’S experimental results, that—

(1) They necessitate the presence of terms of the fifth order in 1/r. This rules out
the simple-doublet conception ; and

(2) They require positive sign for these terms. This means that we must adopt the
W, form, i.e., we must suppose that the magnetic properties of the particles
arise from the presence of permanent electronic orbits not subject to induction.

* Appendix A.
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68 G. S. MAHAJANI ON A CONTRIBUTION TO

(8] Energy evaluated in the case of cubic structures.—The ‘‘space-centred ”’ cubic
structure may be specified analytically as follows :—
Let 8 = 2 s = lattice-constant,
v.e., the side of an elementary cubic cell of either lattice.
The lattice-points are then represented by

x=ps, y=y¢s, z=18, [p=q=r(mod2)]

The even values of (pgr) define one of the component lattices, the odd values represent
the other. A

If now (lmn) = direction in which all the elements are pointing and we consider
two magnets, one at the origin, and the other at (p s, ¢s, 7 s) then we have

o = 2 (p* -+ g% 4 12) and cos 0 = (Ip -+ mg -+ nr) [ (p* -+ g% - 12)%
The expression for internal energy is got by substituting these in the formula
W, = — 27 (2P, (cos 0) o3 — 3p2a®P, (cos 0) p7%).

neglecting terms of the higher order.

We shall show later* that the third-order terms = p2P,/e? fall out in the cubic cases.
As they stand, they form a divergent series. Strictly speaking our crystals are finite
in dimensions, and these terms have to be replaced by a mathematical device—a
surface integral. As will be shown later (p. 88), this will not involve any wvariable part
of the energy. Anticipating this result, we leave out these terms on nearly the same
principle on which infinite constants are omitted in the theory of Attractions and
Potentials.

Thus the effective internal energy due to one magnet in a space-centred structure is

o =W = 4 X’ 3p2a?P, (cos 0)/e".
Now, ‘
P, =% (35 cost 6 — 30 cos? 0 + 3),
p2 —_ 32 (p2 _|_ q2 _l__ /,-2)’
and ‘
cos 0 = (Ip + mgq + ) [(p* + ¢* + 1)~

Hence, the expression for W becomes :

swae? 1'35 (Ip + mg +nr)* 30 (Ip + mq + mr)? 3 }
855 ol (]92 -+ qz -+ 72)9/2 (}02 -+ q2 -+ ¢2)7/2 (]02 - gz -+ ,;,.2)5/2 :
p=g=r (mod?2).

All the series involved are of terms of the order 75, and hence are convergent. We
may, therefore, although the crystal is finite in dimensions, let p, g, # run through all

* See § 15.
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THE THEORY OF FERROMAGNETIC CRYSTALS. 69

the integer values from — @ to - o« without involving serious error. Further, on
account of cubic symmetry, series involving odd powers or products of p, ¢, r vanish.
Thus— '

o P 5 pEqr . Pq
par (pz _J;w q? _1_ 7-2)92 P (p2 _.}« qz ,}._ 72)9/2 par (p2 N{— 92 _F_ ¢2)7!2

=0, ete., etc.

And also we have

p4 = > q4 == 74 ' -=
p% (]02 + qz -+ 7.2)9/2 plq; (pz + q2 + 72)9/2 Er ( pz - q2 T 7.2)9!2 P say,
and similarly,
Q2r® — 72p? _ P2q? _
P TETPE bF TP T wF T @ e e

Making use of these facts we see that the variable part of W, i.e., the part depending
on the direction (I m n) of magnetization is

105 p2a [P (14 - mt - nt) - 6Q (PPm? - mPn? -+ n2?)]/ 8s5.
Replacing =l by 1 — 2 = m?n? we simply get, omitting the constant part,
105 (3Q — P) (Pm?® - m*n? - [Pn?) [45°.

This, it will be remembered, is the contribution from one magnetic element. The
density of these elements in the crystal is 2™ per unit volume.
Therefore the internal energy per unit volume is

E, = 105p2a2 (3Q —= P) Z m?n? /2 3.
As regards the part arising from the presence of the external field H, it is seen to be

E,, = — 2uH (I' + mm’ + nn')] 0.

exb

Thus, the total energy density of the crystal C of space-centred cubic structure in an
external field H is '
E=20"2[105p2a% (3Q — P) = Pm2/ass —pHZUT. . . . . . (1.1)

ks

The calculation of the constants P, Q involves great labour (see Appendix B). The
results may be quoted here.

0-16411 < P < 0-17596,
0-06980 < Q < 0-07573,
0-03346 < (3Q — P) < 0-06307.

It should be noted for the present that 3 Q — P is essentially positive and of the
order 1072
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70 G. 8. MAHAJANI ON A CONTRIBUTION TO

In what follows various particular cases will be considered, the method being that of
relating (I m n) with (I’ m' »n) in such a way as to make the energy-density stationary.

[4] 4 curcular plate cut parallel to the face of the elementary cube : WEBSTER’S experi-
ments.—A thick circular plate may be regarded as a flattened spheroid—(MAXWELL
uses the term “ planetoid ’)—and hence as having a bounding surface of the second
degree. By a general theorem,* therefore, in an external homogeneous field, it will be
homogeneously magnetized.

Let H act in the plane of the disc, so that #' = 0. In virtue of the structural
symmetry the resulting magnetization must be also in the plane of the disc. So we
have n = 0.

. Hence the expression for the energy-density (1.1) reduces to :

E = 20° [105ua? (3Q — P) w2 /ds — oH (' +mm)] . . . . (1.2)
To make this stationary, subject to I# 4- m? = 1, we put
« = 1050 (3Q — P) /45"
and use T for the essentially variable part of K, so that
T = altm? — H (' 4 mm')/p..

The usual Lagrangian method gives

L+ g —0,  1dl+mdm=o,
ol om
1.€.,
ol om | =o.
I m
This reduces to
I m »
I m Qo

Im (I — m?) |

To put this result in a neat form, let ¢X, 0Y be the principal axes of the structure in
the plane of the disc, and let ¢, ¢ be the angles made by H and I respectively with 0X.
Then

(', m") = (cos ¢, sin ¢),
(I, m) = (cos ¢, sin ).
And the formula reduces to '

H sin (¢ — ¢)

Hesin(¢ — ¢) (1.3)
@ sin ¢ cos ¢ cos 2¢

= 2u, (a positive constant), s.e., Tsndy

* Maxwers : © Electricity and Magnetism,” vol. 2, p. 67.
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THE THEORY OF FERROMAGNETIC CRYSTALS. 71

This result accounts for WEBSTER’S results completely :—
(1) In the first place we see that the deviation 8 = | ¢ — ¢| vanishes when

sin 4¢ =0,

v.e., the direction of the resultant magnetization of the plate coincides with that of
the external field along the principal axes of the structure, or exactly mid-way between
them only. This is borne out by the following graph* :—

X-axis Y-axis ' X-axis
+1001
+ 801 o
+ 601
+ 401
+ 201,

0
- 20 -
- 40 L.
- 60 -
- 80 -
—}0(}0’0

i .. 1 1
30° 60° 90° 120° 150° 180°
Orientation of field

(2) Secondly, we see that maximum deviation occurs when sin?4¢ is maximum,
v.e., when ¢ == /8. This fits in with WEBSTER’S graph 5 (loc. cit., p. 506), reproduced
below :—

1

169

1404 ®

1204

100

®

80

Rsin (¢-y)

60 3

40

20T

' ¢

0 5 10 15 20 25 30 35 40 45

(8) Thirdly, we get from the above

Hsind , =%ep. . . .. ... 0. (14
* WEBSTER : ““ The Magnetic Properties of Iron Crystals,” Graph 2, ‘ Roy. Soc. Proc.,” A., vol. 107,
p- 503 (1925).
VOL. CCXXVIIL.—A. L
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WEBSTER’S experiments refer to fields above saturation region. Multiplying

both sides by &
H X ¥sin 3, = tapy, (= constant).

Now, I sin 8 is the component of magnetizatioh perpendicular to H, 3, say.

Hence we have
H.O)me =220y . . . ... ... .. (L5

Rquation (1.5) means that above the saturation region the graph of H and 9, is a
rectangular hyperbola. This is supported by WEBsTER’S graph 4 (loc. cit., p. 505) :—

100+
8012
g
3
0
60 §
%
4o~~g
J
N . . ®
ZOﬂ-d? Disc A _ _
. ' ‘ H (gauss) , ) ) .
0 2000 4000 6600 8000

In this case the experiments of KaRL BEck also bear out the present result :—

“ Die Maximums [of 3,] in den starken Fieldern ist, wie die Angaben iiber das
Drehmoment zeigen werden, eine hyperbolische, indem ., .1 konstant wird,
oder o, proportional zu 1/H; es wiirde also fir H = o, 5, = 0 fiir alle
Azimute.”*

Remarks—I1. Let us compare the result, we obtained above,

Hsin (¢ — ¢)/wsin ¢ cos ¢ cos 2¢ = constant
with WEIss’s result,
Hsin (¢ — ¢)/I sin ¢ cos ¢ = constant,

which he obtains in the case of pyrrhotite. Now pyrrhotite has a non-cubic structure,
and when we come to deal with non-cubic structures, exactly the same result will be
arrived at. It need only be observed here that the presence of the extra factor cos 2¢
in the denominator corresponds to the experimental fact that the deviation-effect vanishes
when H is applied at 45° to either of the principal axes.

II. The second observation that may be made is important. By adopting the w,
form for the energy, we obtained the present result,

Hsin (¢ — ¢)/usin ¢ cos ¢ cos 2¢ = a positive constant.

* Kary Brcek, “ Das magnetische Verhalten von Eisenkristallen bei gewohnlicher Temperatur,” p. 133.
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THE THEORY OF FERROMAGNETIC CRYSTALS. 73

This means that
b— >0 if ¢ <in

¢ — <0 if ¢ > i

In other words the magnetization I lies somewhere between the external field I
and that principal axis which is nearer to H. This is experimentally true, although
WEBSTER does not state it explicitly. _

If we had adopted any of the other forms for the energy, which involved the fifth-
order terms with a negative sign, an exactly opposite result would have been arrived at.
Hence, it is that we adopted the form

wy = — p2P,r=3 4 3p2a? P>,

and

So far we have applied only qualitative tests. Quantitative tests are postponed to
the third chapter. '

[5] Plate cut parallel to the face of an octahedron.—We start with the experimental
fact :— The amplitude of the waves of 3, reaches a small maximum in small fields
and vanishes in stronger fields almost completely.”* It will be shown now that the
present theory bears out this result.

The eight faces of an octahedron formed from a cubic structure have for their normals
(£1/4/3, £1/4/3, £ 1/4/3) as direction cosines. Consider, in particular, the face
whose normal is (1/4/ 3, 1/v/ 3,1 [V 5). Clearly if (A, @, v) be any vector in the plane
of the dise

At p+v=0.

Now, H is applied in the plane of the disc, and in virtue of the symmetry I also lies

in the plane. Hence
V4+m +n =0, I+ m—+n=0.

Subject to the conditions,
$l=0, Xk=1,

we have to make stationary the expression
T = a« (BPm? + m?n? 4 n2l?) — H (' + mm’ + mn’)[u.

The usual procedure gives us :

ol om on
=0,
l, m, %
1 11
%.€.,
B m nd ' m n
H
—2x|ll m n|—=|1 m n |=0.
w
1 1 1 1 1 1

* Kungz, ‘ Bull. Nat. Res. Council,” vol. 3, p. 183 (1922).
L2
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Now, the coefficient of « contains (I 4+ m 4+ n) as a factor, and hence vanishes.
Therefore

’

VY m n
I m =n|=0
1 1 1

which taken with 2] = X]’ = 0 leads to
W = m/m' = n/n',

1.e., H and I are in the same direction, 4.e., 3, vanishes completely.

Thus the theory, so far as it is worked out (saturation cases), confirms the experimental
result as quoted from Kunz’s paper.

[6] A plate cut parallel to the face of the rhombic dodecahedron.—A rhombic dodecahedron
is a semi-regular solid ; and a cubic structure, such as we are now concerned with,
can be partitioned into identical cells of this shape without leaving any gaps. The
simplest way to describe its construction is perhaps the following one : Take two equal
cubical blocks A and B. Divide B into six equal pyramids having the centre of B as
the common vertex and the six faces, as their bases. Take these six pyramids and
fix them on to the faces of the cube A. The resulting solid will be a rhombic dodecahe-
dron. It has twelve faces, fourteen vertices and twenty-four edges. All the faces are
identical and rhombic, but not rectangular and hence not regular.

In terms of our space-centred cubic structure, if we take for A, a cell of the L;-lattice,
the vertices of the pyramids, which are joined on to the faces of A, will occupy the
centres of the six cells of L,, which immediately surround it. Thus, these six out of
the total number of fourteen vertices, are the lattice-points of the L,-lattice.

It is easy to see that the twelve faces have for their normals the direction-cosines :

0, +£1/v2, £1/v2); (il/vé,o,ﬂzl/véi; (£ 1/v/2, £1/v2,0).

Consider a plate cut parallel to the face (1/4/2, 1/4/2, 0).

The experimental result as given by Kunz is :— The plate contains at 0° and 180°
a quarternary axis, at 90° one binary axis, and 55° and 125° a ternary axis ... . The
normal components 9, show again four zeros within 180° in the direction of the axes
at 0°, 55°, 125° and 180°.”*

We proceed to show that this result is confirmed by the present theory.

H is applied in the plane (1/4/2, 1/4/2, 0), and since it is a symmetry plane, T also

lies in the plane. Hence '
' +m =0, Il+m=0.

To make stationary, the expression
T=a«ZPm—HZIU/p

* Kunz, ‘ Bull. Nat. Res. Council,” vol. 3, Part 3, p. 182-3 (1922).
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subject to =2 =1, I 4 m = 0, we get, as usual

or oI oT
o om on
l == O.
m n
1 1 0
t.€.,
B md w v w w
2a | 1 m n |+ H Il m =n|=0.
W
: 1 1 0 1 1 0
Obviously, whenever
l3 m3 n3
I m n|=0
1 1 0
we must have
UV m
I m =nl|=0,
1 1 0

which coupled with [ 4 m =1I" + m' = 0 means (Imn) = (I'm'n’)
Thus, the zeros of 1, are given by

B m* w
I m =»n|=0
1 1 0
with, of course, :
B+m+nm=1, I +m=0.
Putting ! = — m, in the above we get

—m® mE  nd

—m m n | = 0,

v.6., mn (m?* — n?) = 0.
Hence,

75

(i) m = 0, when, of course, ] = 0 and » = 4 1 so that we get a quaternary axis.

(ii) » =0, and then ] = — m = + 1/4/2 and we get a binary axis.

and lastly (iii) m* — n2 = 0 and since | = — m, we get I* = m? = n? = 1/3.

This gives two distinet directions, and they make with the quaternary axis in case (i)

angles, _
Bi, Bz = 00871 (0 +0 £ 1/v/3)
= cos™'1/4/3, = — cos™11/1/3.
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Now cos~1 (1/4/3) = 54° 44’ = 55° approximately.

Therefore the two directions make angles 55° and 125° with the quaternary axis.

Thus we see that the theory completely accounts for the four zeros of 3, at 0°, 55°,
90°, 125°, and then at 180°, within the range of 180°.

CuarTeEr II.
The Molecular Fueld.

[7] The conception of WrIss’s molecular field.—The “ molecular field ” was first intro-
duced in connection with pyrrhotite in the following way.

It is supposed, in the first place, that the magnetization I of a body is the effect of
the joint influence of the external field H, and the internal field H,, which latter WEIss
calls the molecular field. Secondly, it is assumed that the components of H, along
the structural axes of the body are proportional to the components of I in those direc-
tions. The proportionality factors need not be the same for the three axes.

Symbolically, we have

Htotal == Ha,pplied "I" I_Im a,nd I—Imz = NII:N ]:{my = Neg, Hmz = N3Iz.

From the view-point of theory, the molecular field is only a bulk-conception in the
sense that it is only (or at least meant to be) an effective substitute for the microscopic
actions, and actions of other nature possibly, which are involved, besides the applied H,
in determining the magnetization of the body. It has the same theoretical standing
as the elastic force D in WEBER’S Theory of induced magnetism.

Let us apply these ideas to cubic structures. None of the principal axes of such a
structure could be distinguished from the other two, and hence we must pust

Nl = Ng = N3 = N, Sary-

This would mean that H,, and I will be always in the same direction. Hence if, further,
the boundary of the body be symmetrical, H, H,, and I will be in the same direction.
In other words no deviation-effect would exist. But actually, as WEBSTER’S experi-
ments show, this conclusion is not borne out by experimental evidence. Now,
WEBSTER suggests that WEIss’s hypothesis of simple proportionality between H,, and
I should be given up, in favour of his own, viz.,

(H,), = L cos* ¢,
(H,), = I sin® §.

m)y

To quote WEBSTER fully : “ Since iron has a cubic structure, one would expect the
constant N to be the same for both axes. Weiss found the function f ({) to be simply
cos ¢. In our case this cannot be, for the resultant molecular field would have
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THE THEORY OF FERROMAGNETIC CRYSTALS. 77

no component perpendicular to the direction of magnetization. The value of
f(¥) = cost ¢ was found to give the best agreement with experimental evidence.”’*
To examine this point closely, let us start with WE1ss’s hypothesis—

(Hm)x = NIIm = Nl:[l,
(Hm)y =S Meg - NgIm.

The rational way to modify this, is to generalize it into

(H,), = Nof () = N, £ (1))
(Hm)y = N2f(Iy) = N2f (Im) .

In the saturation case I = 9, and we might put
(Hm)x = NIS'f (l)9 (Hm)y = N2Sf (m)‘

For the sake of generality we adopt the first form. The expression for the energy
of the system in an external field H will be — (Hy . I), that is

—(HI) — E(_Hﬁmdl) = | H| L]+ mm)— j:[Nl £ L+ N, f (ml) .. m] dL.
Assume now that the function f is of the form :—

f(w)=a0+a;w+a2w2+a3w3+

Obviouély a, = 0, since there is to be no molecular field in the non-magnetized state.
The expression for the energy becomes

—[H| . |I] (@ 4 mm’) — [Ba L2l + 3,38 + ..} Ny + Ga[2m2 + La,1Bm? 4 ..} N,

The steady states are obtained by making the above expression, say T, stationary,
subject to (2 + m2) = 1.
We get as usual

' aT/al T jam . .
l m o
This reduces to
m
Lm{a, (Ny — Np) +ay (IN; —mN,) I+ ... +a, (' N, —mrIN,) I L]

= 1.

This is the most general relation that we can have. In WEIiss’s hypothesis,
S (i) = I, simply,

*  Magnetic Properties of Iron Crystals,” by W. L. WEBstER, ‘ Roy. Soc. Proc.,” A, vol. 107, p. 506
(1925).
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1.€., 6, =1, and @, = a3 = — 0, and we get
H' m ‘/Ilm (N, —Nyp) =1,

or, using the familiar notation,

H sin (¢ — ¢)/I sin ¢ cos ¢ = (N; — N,), constant.

Now to apply the general formula to the cubic case we put N; = N, and as a next
approximation retain only the first non-vanishing term in the denominator.
We get, if a, #= 0.

1 .
H'l, , l/mm (—mN=1.
This result, however, does not satisfy all the requirements of cubic symmetry. For
the experimental result is that (I, m) = (I, m') along the principal axes and also

exactly midway between them. In other words I is in the same direction as H, when
H acts in a direction inclined to Oz at any of the following angles

(0°, n/4, =/2, 3n[4, =, B[4, 3n (2, Tn[4),
1.e., when
' Im (B — m?) = 0.

Hence the result we obtained above, which does not contain a factor (I 4 m) must
be rejected. It is easy to see that to have the factor (I — m?), all the non-vanishing
terms must have an odd suffix for @. Hence we see that

a2:a4=a6:...=0.

Thus the formula in the cubic case becomes
I—II L, m, l/Ilm[P (12 — m2) ag -+ T4 (I — mA) ag + ...] = N.
Retaining only the first term, we have
Hj m l /Ilm (12 — m?) = asN2.

And since we have been dealing with saturation cases, I = 9, and we write the above
result in the form

H sin (¢ — ¢)/S sin ¢ cos ¢ cos 2¢ = a,N . 3%,

which is the same result as obtained before (1.3).
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Remarks—1I. Tt should be noted that the fact that @y, = 0 for all 7 at once rules
out an even-power law for the molecular field. We further see that a relation

(H,)). = Na,I3P
(H,)), = Na,lBm?

yields the same result as was arrived at by the atomistic theory. The same conclusion
could be seen from another view-point.

II. We have seen before that on the conception of mutual actions of the magnetlc
elements the effective total energy in its modified form was
T = al2m? — H o+ mM’).
o]

If we now introduce the bulk-conception of the molecular field with a third-power
law as stated above, we shall get an exactly similar expression for T.

Thus, energy — — || (g d1) = — [ (H,dl) — (HI)

S j‘ asN (BT . 1] + mdTs . mdl) — HI O + mon')
0
— — Ja NI + m#) — HIL (' - mm)

In the saturation case, I =9, a constant, and I* -+ m* = 1 — 2Bm®. Hence,
omitting the constant part, the effective energy depending on (I, m) is

$asNS* . Pm? — HS (I + mm/),
which is exactly of the form ol?m? — H (II" + mm') obtained before.
@

ITI. The point of generalizing WrIss’s hypothesis in the way we have done is that we
need not have two different laws for the molecular field, the one for the cubic case, and
the other for the non-cubic case. One single relation :

[ (H,). = Ny [ayd] + aglB13 4 aB15 + ... ]
(Hn)y = Ny [aym] + agm®® 4 ... ].

covers both cases. For the result we get by making the energy-function stationary is
Hll m‘/um[%a (N -m”N)I‘”]-1
U wm = gy 1 2 = 1.

In the non-cubic case N, # N,, and retaining only the first term we get Wrrss’s
result. In the cubic case N; = N,, and the term in @, disappears automatically.
Retaining therefore the next one in @, (which practically amounts to starting with

VOL. COXXVIIL.—A M
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simply a third-power law for the molecular field right from the beginning), we get a
formula for the cubic case. |

[8] Agreement with WEBSTER’S curves.—To complete the discussion, it remains to
show that with a third-power law the agreement with experimental curves continues
to be just as good as with the cos* ¢ law of WEBSTER.

The graph (graphs of WEBSTER reproduced above) is drawn by taking

Rsin (¢ — ¢) = M[f(¢) sin ¢ — f(90° — ¢) cos ¢] with f() = cos? ¢.

The curve with f(¢) = cos® ¢ is obtained from the above curve itself, by simply
altering the ordinates in the ratio 7, where

T(q))_cos ¢.s1n¢—s1n3¢cos¢__ cos ¢ -+ sin .
"~ cos*¢sing —sint Yeosy 1+ cos ¢sin g

It is easy to see how slightly this fraction differs from unity in the range we are concerned
with (0, 45°). We have actually

7 (0) = 7 (90°) = 1-0000 7 (30°) = r (60°) = 09532

7 (10°) = r (80°) = 0-9892 7 (40°) = 7 (50°) = 09440
7 (20°) = 7 (70°) = 0-9699 © o (45° = r (45°) = 0-9428

Thus 7 (¢) differs from unity so slightly that the néew curve will be practically the same
as given by WEBsTER—only it will be slightly lower than his. Besides, in four of
WeBSTER’S graphs, not published in his paper, the experimental points do actually
lie below his curves drawn according to the cost ¢ law. These, therefore, further
strengthen the adoption of the third-power relation.

[9] Additional evidence vn support of a third-power relation for the wmolecular field.—
In his thesis, KARL BECK obtains for the energy due to the molecular field the following

expression
II, = A (sin? 20 - sin? 6 . sin® 24),

where (0, ¢) specify the direction of the magnetization, in polar co-ordinates, 7.e.,
,=1snmbcos¢; I, =IsinOsing; I, =1Icos ¢.
We shall obtain the same result by our present theory, i.e., by adopting the third-power
relation :
( m); = Nag138 = Na,I? (sin 0 cos 4)?

H,)
(H,,)), = Nagl®m® = Na,l? (sin 6 sin ¢)°
(H,), = Na;I3n* = Na,I? cos® 0.

II - J(]): (Hm dI) = - J-: (I{mz dIt + }Iﬂly dI]/ + Hm" dIZ)

— E Natg I8 (1% 4 mt 4 n8) dT — — 3NaIt (It - mt -+ nd).
= — NIt (1 — 2 T m®n?).
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THE THEORY OF FERROMAGNETIC CRYSTALS. 81
But
ZmPn? = sin? 0 cos? ¢ sin? ¢ - cos? 0 (sin? 0 cos® ¢ - sin? 6 sin? ¢)
= 1sin® 0sin? 24 4 1 sin? 26,

Hence we get ~
II, = § Na,I* (sin? 26 - sin* 0 sin? 2¢) — 1Nagl.
In the saturation case I = a constant, S, and we have then

II, = A (sin? 26 - sin? 6 sin? 24) — 2A.

And since for energy variations for different directions of saturation, the constant part
— 2A may be left out, we arrive at BEck’s result.

II, = A (sin? 20 4 sin*0 sin® 2¢).

CHAPTER 3.

Quaniitative Tests.

[10] Determination of the order of magnitude of “ a,” the radius of an electronic orbit.—

We apply the formula (1.5)
H (S'n)max. - %‘x (J'S"

where « = 1054 (3Q — P)/4s® to WEBSTER’S graph 4.
That curve has been drawn with the following values* :
k= (HS,) = 3apy.

CrysTaL B.

CrYSTAL A.

H. (S'n)max, kB- H. (Sn)max. kA‘
8310 29-7 246807 3640 444 161616
7620 345 262890 3100 491 152210
5530 43 237790 2740 53:3 146042
3500 64 244000 1 2150 63-4 136310
2030 96-5 195895

Average kg = 23347. Average ks = 149044,

So strictly speaking the tables above do not give the product H . (3,)mx. constant.
In the case of both crystals, it slightly increases with H, except in one case. In the
case of B crystal, as the field increases from 7620 to 8310 the product H . (3,)ma. falls
from 262890 to 246807. The theoretical curve, which is a rectangular hyperbola will
not account for this increase, nor again the sudden drop. But as WEBSTER himself
says in his paper, the measurements of high fields is very difficult, and we cannot secure
accurate results. What we shall do is to take the average value of the numbers in the
third column, and adopt it as the experimental constant for the rectangular hyperbola.

* Kindly supplied to the writer by Mr. WEBSTER.
M 2
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Crystal B.
by = 233476.

On comparing this with the theoretical constant we find

105

o - b (3 Q — P) S = 233476.

We have now the following data :
Y = saturation value in iron = 1620 abs. units (WEBSTER).
The structure of iron is space-centred cubic and the lattice-constant d is*
d=2s=2-8% X 1078,

There are two lattice-points per cell ; hence if N, is the number of lattice-points per‘
cubic centimetre, ‘
N, = 2/[2-8% X 1078]8 = 8- % x 102

Also, a WEISS magneton = 18:5 X 1072,
Therefore we find for p, the number of magnetons associated with each lattice-point
(4.e., the moment of a magnetic element),

p = Y/{Np, X (Value of WEIss’s magneton)}
= 1620/(8-82 .10 X 185 . 1072), or 1620/(8-54 . 10* X 18-5.107%),
= 1620/16317, or 1620/157-99 = 9-92, or 10-2,

Thus we get
: u = 10 WEIss magnetons = 2 BoHR magnetons.

Next, adopting d = 2s = 2-86 X 1078 we find
88 = 5-97 X 10749,
Substituting these values we get
233476 = $105pa? (3Q — P) 1620/5-97 . 10~*,
t.e., pa® = 65-5.1074/(3Q — P).
Since p. = 10 WEISS magnetons we get
a? = 0-35.10718/(3Q — P).

We know from actual calculationt that 0-032 < (3Q — P) < 0-064.

* SOMMERFELD,‘ Atomic Structure and Spectral Lines,” p. 537.
1 See Appendix B.


http://rsta.royalsocietypublishing.org/

JA '\

/ y

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

A \
1~

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

Downloaded from rsta.royalsocietypublishing.org

THE THEORY OF FERROMAGNETIC CRYSTALS. 83
Hence
0:4X108>a>02X1078 . . . ... ... (8.1)
Crystal A.

Here £, = 149044.
In calculating @, we have seen that a? varies as k, therefore the limits for @ as obtained
from crystal A could be easily deduced from those above from B, by simply multiplying

by ’\/IEA/ zB-

A A

By _ . /149044

= = 0-6383.
kg 233476

Hence we deduce for the A crystal the result

0:212>¢ X 108> 0-147. . . . . . . . . ... (3.2)

SOCIETY

Collecting together the results we have

0:3307 X 1078 > g5 > 0-2338 X 108
0212 X 1078 > g, > 0-147 X 1078 |

OF

These results are unsatisfactory in one sense, viz., we do not get a common range for
as and a,. This discrepancy may be due to the presence of impurities in the two

crystals in unequal proportlons In any case we conclude that the radius of an electronic
orbit is
=0 [ro-sp . . ... .. e (3.4)

This result is perfectly reasonable. It shows that since the distance between two lattice-
points is at least of the order of 1078, the electronic orbits of the two Wlll not interfere
with each other.

[11] The order of magmtude of the molecular field in iron.—In the last chapter we
obtained for the energy-function two expressions,
from the bulk-theory,

1a;NS42me — HS (' + mm),

A A

and from atomistic-theory,

alm? — ?(zz' - ).

Comparison shows that the atomic actions are effectively replaced by the molecular
field, if we put '

SOCIETY

AN =20 . . . . .. ... (3.5)

But, as we have seen, according to our third-power law, a;N3? is exactly the value of
the molecular field when H acts along a principal axis. It represents, therefore, what

WeBSTER denotes by M. Now Japd = &y = 233476 and & = 1620, so that

OF

Myg=2ipu =576 . .. ........ (3.6)
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For the A disc, we have

ZA = 14‘9044.
Hence
M,=2xp=23868. . ... .. .. ... (3.7)

The values suggested by WEBSTER are My = 620, M, = 470.
Thus we find that the present theory gives the molecular field of the rlght order of
magnitude.
To sum up :
a = radius of an electronic orbit = O [107°] ;

Present Theory. W=rBSTER’S Experiments.
M, C ... .. BT6 .. .. 620

M, . - . .. 368 .. . 470

PART II.
- CHAPTER 4.

The Non-cubic Structure : Saturation.

[12] The scope of the present part and wntroductory remarks—The principal aim
throughout this part is to give methods of dealing with the third-order terms in the
energy-function. When we obtained in the last section the expression

W, =3 0, = — ' (2P, /1® — 3u2a2P, /%)

for the energy, we remarked that the third-order terms which form a divergent series
have to be dealt with in a special way. Anticipating the result, we assumed throughout
the discussion that these terms can be left out in cubic structures with a symmetrical
‘boundary, as the terms which effectively take their place do not involve any variable
part of the energy. - This result will be demonstrated in this section. But since, as
will be shown, they cannot be neglected in the case of non-cubic structures, the problem
of pyrrhotite will be also considered.

In his thesis, DE WaARD devotes a section to ““ Atomistiese Theorie von het Ferro-
" magnetisme.” Therein he has adopted the conception of simple doublets, which are
responsible for the third-order terms in 1/r in the energy-function. His method of
dealing with these terms does certainly give a complete, though only formal, solution.
Unfortunately the results involve series of terms each of which is a complicated Hankel
function, and it is extremely difficult to check results by numerical data. We shall,
however, follow his methods and obtain results slightly more general than his, and
establish only qualitative agreement with experimental facts.

[18] The principle of DE WaARD’S method.—For the sake of generality we shall not
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assume at first that there is saturation. According to our fundamental assumptions let
(I, my ny) and (I5-my n,) denote the directions in which the elements in L, and L, lattices
respectively are pointing, in the presence of an external homogeneous field H. Now, on
the macroscopic theory of magnetism, uniform magnetization of a body is secured in
presence of a homogeneous field if (i) the body is continuous, and if, further (ii), it is
bounded by a surface of the second degree. To avoid the theoretical difficulties,
therefore, let us suppose that our crystal C is in the form of an ellipsoid.
Obviously, the magnetization is given by

I =3 cos {/2, where cos ¢ = L1, + mymy + ny0,.

The problem before us is to find the energy of the magnetic elements in the structure
as bounded by an ellipsordal boundary. Since we are concerned mainly with the third-
order terms, we assume throughout the following discussion that the elements are
simply doublets :—

(1) We suppose, in the first place, that the lattice structure instead of being bounded
by C, is extended to infinity in all directions ;

(2) Secondly, we suppose throughout all space outside the ellipsoid, a homogeneous
distribution of moment-density, such as would neutralize the doublets in the
extended structure.

The energy of such a system is taken for the energy of our actual system. The error
involved is very small except in the immediate neighbourhood of the boundary C.
Write B = E, — F/;, where

E; = energy per unit volume of a system consisting of an infinite doublet-lattice,
together with a neutralizing homogeneous moment-density spread through
all space (even inside the ellipsoid) ; and

K’ = energy per unit volume of that part of the neutralizing homogeneous dis-
tribution which lies inside the ellipsoid.

To find E, :—Consider any one doublet D of lattice L,. The mutual potential energy
of D and the doublets of the L,-lattice with the corresponding neutralizing moment-
density may be written in the form,

. o , .3 , 0
“2<l155c+m18—g/+n1872><l25_x+ “i‘”z >V(D)

and the mutual potential energy of D and all the remaining doublets of Ll-lattlce
together with its corresponding neutralizing moment-density is then,

— (b +m 2+ 2 UM
P " Ty T Mo ’
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where V (D) = potential produced at D by the system which we get by placing unit
charges in place of the doublets at the lattice-points of L,, together
with the corresponding homogeneous neutralizing density of charge ;
and

U (D) = potential produced at D by the system which we get by placing unit
charges at L-lattice-points (except the point D), together with its
corresponding neutralizing density of charge.

Now actually U and V are infinite. But it is their second derivatives that are
involved in the energy-function. And these latter are not infinite. For, consider any
one function, say V (D). Divide the system which produces V (D) into a number of
parts. Bach part satisfied the conditions,

(1) total charge = 0.
(2) moment of the total charge = 0.

Hence the contribution from each part towards V is of the order of +73. _
Therefore the second derivative is of order 775. And thus if we sum up the con-
tributions of the second derivatives from all the parts into which the original system
is divided we get a convergent series.
Briefly stated, the argument comes to this, that although we cannot have

Vzvl+vz+v3+...

XV _ oy | Oy | O

ox2  ox? o2 = 0w |

we can have

This, in short, is the principle of DE WaARD’s method.

[14] Expression of the energy.—Returning to the expressions for the emergy, the
mutual potential energy of a doublet D of Ly on the one hand and all the others of the
L, and L, on the other is '

e [(lla—ax{—... +)<l2(%+ +>V f(lléfixjt +>2 U]. |

Of this, one half belongs to D itself. Besides the density of doublets in L, is 72
Hence, the contribution to energy per unit volume from the L;-doublets in presence
of L, is, _ » a ) i
[0 ) )Y ()
zms[(llaw”“f (L2 + o )V (W24 +) U]

Similarly, the contribution from L,-doublets is

e [(115% + .. +><lz.£—6+ +> v + (1, 5853+ +)2 U] :

2a®
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Adding up we get E; equal to

B e o ol )]

It is found that in the case of rectangular lattices the mixed derivatives of U and V
vanish, and hence the above formula reduces to

B~ -z v O el T

2 ‘ .
—_ é%_é = (2 +12) U0, + 2% 11,V,,].

The calculation of U, U, V,,, V,z, etc., is postponed for the present.

To find E,’.—We have always taken our co-ordinate axes along the principal axes of
the structure. Let us suppose that the principal axes of the ellipsoidal boundary of
C also coincide with these. Now, H,’ it may be recalled, is the energy per unit volume
of the ellipsoid due to the neutralizing homogeneous magnetization. This consists

of two parts :—

(i) That which neutralizes the doublets of the L,-lattice, thatis to say, a magnetization
of intensity — pw™3 in the (I, m, n;) direction ; and

(ii) That which neutralizes the doublets of the Lz—lattloe, that is to say, a magnetlza—
tion of intensity — p ™3 in the (I, m, n,) direction.

Therefore, the total homogeneous magnetization of the ellipsoid has the components
I:c - “'0‘)“3 (Zl '+' ZZ): ‘ Iy - —'—‘1‘(")—-3 (f’n’l + m2)7 Iz == “‘(’).—3 (n'l —I— n’2)‘

The following results may be recalled at this stage.

Let an ellipsoid Z 2?/a® —1 =0 be magnetized uniformly in the direction
(lymyny).  Then the field created by this—it is demagnetizing—has components
(— IAI, — mBo — nCol), 1.e.,

(— Aols, — Bol,, — GCol,) = H,, say,

abc dr
Ao = ‘ﬂ T

where

and

A=V{@F N B Fn(EF .

The energy of the ellipsoid per unit volume is then

= () = -+ 3 AL B+ CLY).

VOL. CCXXVIIL.—A.,
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We have also the general result
Ao ’*“ Bo """ Co == ]..

Using these results in our case we get
By =+ w[llh+15L)prA +- (my + my)? B + (n; + n,)? C]/2 0%

where :
A=Ay o? B = By/o?, C = Cy/w?.

Thus, finally, the internal energy of the system of doublets bounded by the ellipsoid €
is obtained in the form E; — E,’ per unit volume,

E=E — B =— @20+ (U, —A) +224l (V.. — A)lj26% . (41)

It will be noticed that in obtaining this expression no account has been taken of
temperature effects, and there would be no justification in adopting this to explain all
the magnetic phenomena. On general thermo-dynamical grounds RicHARDSON has
shown that the magnetization of a body must be a function of H/T. We may, therefore,
neglect the effects of temperature (i) in the case of high fields at ordinary temperatures,
and (ii) weak fields at rather low temperatures.

[15] Application to the case of WEBSTER’S experiments in connection with iron.—We
have here,

U, =U, =U,==0,say l
v

axr = V!/I/ = sz = 959 Sa‘y J

since the structure is cubic

A = B, in the case of the circular disc, and since in general

AdBACe=o3(Ay + By |- o) = o,

C = w3 —2A.
Further
(b, my) == (I, my) == (Im) and m, = ny =0

since there is saturation in the plane of the disc.
Making these substitutions in the general expression for E, we get

B — é_*:%[zzz (6 —A) + 2m2 (6 — A) 40 -+ 2 (¢ — A) |- 2m2 (¢ — A) 0]
2 .
==L (0+¢—24)
independent of (/, m). Thus K, so far as it is due to the doublets, that is the third-

order terms, does not involve a variable part of energy. This is why these terms have
been left out in the discussion of cubic structures (p. 68).
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[16] Nom-cubic structure : Pyrrhotite—Suppose that even in this case we consider
a circular plate, and apply H in the plane of the disc, so that

’

n' =0.

The structure is hexagonal and consists of two orthorhombic lattices. Let the
plate be cut perpendicular to the axis of the hexagonal symmetry. By symmetry the
magnetization also is in the plane of the disc. If there is saturation, then

(Iymy) = (lymy) = (Im) and ny = ny = 0.
We have -
2
E=— %; [(Use + Voo — 2A) 2 + (U, + V,, — 24) m2].

Notice that U,, # U, and V,, # V,, since there is no cubic symmetry.
The energy due to the presence of the external field is

2 ’
*;%H(ll’ -+ m'm).
Thus to search for steady states we have to make stationary,

T = (U, + Vo, — 24) B + (U, + V,, — 2A) m? -+ 21 (I + ) g,

subject to 2 4 m2 = 1.
Following the usual procedure we get

o ot
ol om | = o,
I m
2.6.;
H|T m' Im U, +V,—24A, U,+V,—2A —o
el m 1 1

Putting as usual
‘ I,m=cos §,sin §¢; I',m =cosd,sin ¢;

H sin (¢ — 4)/u sin § cos § =[(Un + Vo) — (U, + V)l

and since Y is the saturation value of I or

we get

J = —0% T
H sin (¢ — ¢)/%sin g eos § =302 (U, + Vo) = (Uy + V)] . . (42)
N2
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This agrees exactly with the result which WEiss obtains from entirely different
considerations ; his result is

Hsin (¢ — ¢)/3 sin ¢ cos & = N; — N,

where N,, N, are the “ constant coefficients > of the molecular field for the axes of «
and y respectively.

It is easy to see that if the disc were elliptic and not circular then A # B, and the
result we would get is

Hsin (¢ — ¢)/dsin ¢ cos ¢ =} o2 [(U,, + V,, — 2A) — (U, + V,, — 2B)].
Remarks.—(1) Observe that if we put U,, = U,, and V,, = V,,, the result becomes
Hsin (¢ — ¢)/9sin ¢ cos § = — % @3 (2A — 2B) = o® (B — A).

Therefore the deviation effect would still be accounted for in the case of WEBSTER’S
experiments, if the plate is of any other form than the circular.

(2) Next, the effect vanishes completely theoretically, if A = B, i.e., in the circular
plate. But actually it is present as WEBSTER’s experiments show. Hence we have
had to give up the simple-doublet conception, and adopt that of an electronic orbit.
Then naturally retention of the next non-vanishing terms in the energy-function explains
the experimental facts,

PART II1.
CHAPTER 5.

Non-saturation Stotes.

[17] An attempt will be made in the following articles to extend the formule to
the case of weak fields, or to be more precise the case of non-saturation. Among the
causes that prevent a body being magnetized to saturation may be mentioned the
following : (i) the applied field is not strong enough ; (ii) temperature exerts demag-
netizing effects ; (iii) effects of impurities present in the crystal.

As regards impurities we can say that crystals could be obtained in a fairly pure
state, and so far as theory is concerned, the effects of the presence of any impurities
may be left out. Such, however, is not the case with the temperature-effects. Never-
theless we shall still continue to neglect these in the case of non-saturation, if only to
see what formule we obtain. We venture to suggest that these will be applicable
to experiments made at very low temperatures, and also in cases just under saturation.

Further, in the presence of temperature-effects which set the magnetic elements into
agitation and tend to make all directions equally probable, the fundamental assumption
of the magnetic elements splitting into two directions will have to be modified. Kither
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the elements will librate about these directions, or rotate about them in a sort of pre-
cessional motion. Anyway, the problem ceases to be a statical one, and becomes a
dynamical one. Other forms of energy will have to be taken into account in addition
to what we have been considering. For these reasons temperature-effects will not be
considered in this paper. These limitations probably deprive the analysis in this section
of much of its significance. But the formule obtained are quite interesting, and are
worth being worked out.

- Let, as before, the crystal C be in the form of a thin circular plate, and H act in its
plane, so that n’ = 0. ,

By symmetry the magnetization I will lie in the plane of the disc, and hence

0, + ny, = 0.

[1t is only in the case of saturation that (I, m, #,) = (I, my ,) = (I m ) with n = 0.]
There now seems to be three possible ways in which the magnetic elements could
divide themselves into two groups :

I n = —mny=m,say; and (lym) = (lam,) = (Im)
II 5 = —mny,=0; and (Iym,) # (lom.)
I n, = — ny =mn; and (Im,) # (lymy).

Obviously IIIis the most-general one and includes the first two. The algebra involved
is rather laborious. All the three cases, therefore, will be worked out separately.

[18] Case I = — ny = n; and (l,m,) = (lym,) = (Im). ' :

Obviously the resultant magnetization I is compounded of ¥/2 along (/, m, n) and
J/2 along (I, m, — n). Hence

L=95, L=%m IL=0 and I=%+m)=9yQ1 —n)

- and the direction of magnetization in the plane of the disc is

So we have,
cos ¢ =1', sin ¢ =m’ but,

cos ¥ = I[V/E - mE, sin ¢ =m/vE -+ me.
Now the general expression for the total energy-density is
— 3 22 412 (U, — A) + 22 L1 (V,, — A)][0® — pH[Z 1 (4 + b)] /e
Making use of the circumstances in the present case, viz.,
(Iymy) = (lymg) = (Im); ny, = —ny,=mn, A=DB, and C= ™3 —2A,

we get,
- y'z [(p:c -{« q:c)l2 ‘I'~ (py + Qy) Ul ‘i‘ (pz - qz) n2]/®3 - QU‘H (lll + r””n'l)/mﬂ’
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where
Pr = [j.t:c o A> Py == U

w

B: P, = Uzz - U:
and
9. = V:cz - Aa q, = Vyy - ;= VVZJ — C.
To make stationary the expression

, T=@ + 0P+ @ +q)m + (p. — ¢)»* + 2H U’ + mm”) [,
subject to
Bmem2 =1,

o), _er, _an
W/lwam m‘“en/"’

[(p. - ¢) L+ HE[ul 1)1 = [(p, + ) m + Hw'[u] 1jm = (p. — q.).

(P + ) b= (p. — ¢.) L — HI [,
(p!/ m{_ Qy) m == (pz - QZ) m - H ?nl/y"

H (m" —Um)[ulm = [(p, + ¢.) — (p, + 9,)]-
Substituting the values

We get by the usual method

7.€.,

i.e.,

whence we get

(I'm’) =cos ¢, sin ¢ and (I/V1—n? m/v/1 —n?) = cos §, sin ¢
J=2pe? and I=9(1 —n?)?

Hsin (¢ —¢)/Lcos §sin ¢ = }o® [(p, + ¢.) — (9, + )]
= %(‘)3 [(Ijax + V’cz‘) - (Uyy + V’.1/‘1,/)]'

Now this is exactly the same formula as was obtained for the saturation case before,
(4.2).

Thus, neglecting temperature-effects the empirical result of WEIss seems to hold
for all fields on theoretical grounds. The experimental evidence on this point, however,
i8 not conclusive, For—

(i) So far as Wriss’s own experiments on pyrrhotite are concerned, in all his four

cases the field strengths employed were strong enough
AH to produce saturation; (H = 1992, 4000, 7310,
10275). The way in which he establishes his result
is briefly this :

we get

H is decomposed into two vectors H; and Hp of
which Hy is parallel to the magnetization, and Hy
parallel to Oy. Thus H = iy + Hp. '

Waiss finds in all the four cases, the experimental curves of I sin ¢ plotted against
Hpy are straight lines through the origin. Hence—

Hp/I sin ¢ = constant, N, say.
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From the triangle O A B, it follows
Hp/sin (¢ — ) = H/sin (=/2 + ¢).

whence we get
H sin (¢ — ¢)/I sin ¢ cos ¢ = N.

But this experimental evidence refers only to high fields—i.e., saturation states.
(ii) In his thesis DE WaARD also remarks : “. . . . volgens Wriss is

Hsin.(qS — ¢)/I sin ¢ cos ¥

tennaasteloijy konstant. De atwijkingen blijken groter naarmate men met zwakkere
velden te doen heeft ” (p. 35). Thus, according to DE WaArD  the result does not
represent facts when weak fields are employed.

(ili) Thirdly, Kunz also observes that “in large fields the agreement is good ; in
weak fields deviations from the straight lines occur which are not yet explained ”

(p. 171). |
Neither DE WaArD, nor KuNz, give the exact nature of the deviations. We can

conclude that the deviations are due possibly to temperature-effects, or if not to tem-
perature-effects, we must at least reject this sort of grouping of the magnetic elements.
In the next article we consider the second sort. '

[19] Case II. ny = — my =0 (lymy) # (lamy).

Here we have,

L—38 0 +0), L =3 (m +m), L=0.
(lymy) == (cos ¢y, 8in ) ; | (lamg) == (COS Yy, sin §p) 5 2¢ = ¢; 4 ¢s.

And we easily see that I =9 cos % (4 — ¢;), and the direction of I is ¢.
The energy-expression in this case becomes :

— p2[p, (L2 +12) -+ p, (m? + mg?) + 0 + 2L1ag, + 2mymsg, + 0]/ ?
— wHV (4 + ) + m' (my + mg) + 0]/ 0.

To make this stationary subject to

Wbt =15 Bt domgt =1,

we get _
, ol omy/ Tt
wnd oT oT
| = s
2.6, .
1 (bp, + lag, + VH[p) [l = (myp, -+ mag, + m'H]w)/my;
an

(lap, + g, + UH/)fly = (map, + myg, + m'H[p) jms,
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so that substituting the values in terms of ¢;, ¢y, ¢ we get

1 (p. — p,) sin b, cos ¢y - g, cos §, 8in §; — g, sin Y, cos ¢y = Hsin (¢ — ¢,)/u
an

(p, — p,) sin $p 008 ¢y + g, €08 ¢y Sin Yy — g, sin Yy cos ¢, = H sin (¢ — $q)/pt.

Now, by adding and subtracting these we get two results. Subtraction gives

% (p. — P,) (sin 2¢; —sin 2¢,) + (q, + q,) sin (§; — ¢,)
= — 2H sin § ($; — bj) cos (¢ — §)/p.

Now in weak fields, since there is no saturation ¢; # ,, and we can cancel out the
factor sin (¢; — ¢,)/2. We get

2 (p, — p,) 008 § (4; — ) cos (¢1 + o) +2(g, + q,) 008 % (V1 — ¢»)
= —2H cos (¢ — ¢)/p.

1.€.,

Heos (¢ — U)/I[(g, +q,) + (p. — p)cos 2¢] = — u/S = —Fo® . . . (§)
I'=2&cos 3 (41— da)

since
Next, addition gives us

3 (p, — »,) (sin 2¢; - sin 2¢,) - (g, — q;y) sin (4y + ¢s)
= 2H sin (¢ — ¢) cos § (1 — ¥5)/p.

Substituting as above,
2"!’:4}1 _{“ 4)2: 0082(‘411" ‘-11 -—I/S‘

CcOos ("I',l — q/2 == 212/3'2 - 1,
we get

TH sin (¢ — §)/sin 20 [, — ¢)9* + (. —p,) @ — )] = /23 = }o%. . (1)

Remarks.—I1. In the case of weak fields I also is variable. The results (£) and (n)
thus determine both the magnetization I, and its direction ¢, when the field H and its
direction ¢ are given.

II. In obtaining (5), no factor of the typesin & (; — ¢,) was cancelled. Hence we
can use that result for saturation. Putting I = ¥ we get

Hsin (¢ — 4)/3 sin 2¢ = 3o®[(g, — ¢,) + (2. — p)); |
Hsin (¢ — ¢)/d sin ¢ cos ¢ = $0*[(U,, + V,,) — (U, -+ V,,)] as before.

1.€.,

Thus the analysis in this article generalizes WrIss’s result for strong fields into the
(n) formula for all fields, and it shows in what way deviation would occur in weak
fields with a certain kind of ““ grouping,” even if temperature-effects were neglected.

III. In the cubiccase p, = p,; ¢, =¢,. The formula (v) shows thatthe deviation-
effect must vanish in all fields, on the simple conception of doublets. Hence, even in
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the case of weak fields, in order to explain the presence of deviation-effects in cubic
structure, the fifth-order terms have got to be introduced. In the next article we
take up this question.

[20] Cubic structure : Case I11, n, = — ny =mn; (Lym,;) # (Iym,).—We make the same
supposition as in the last two cases. That is the crystal C is in the form of a circular
plate, H acts in the plane of the plate, and by symmetry, magnetization is also in the
plane of the disc.

While discussing the saturation case in the first part, we noticed that the form of the
energy-function of two magnetic elements was

o; = — 2P, /1 — p2a?P, /5,
or
Wy = — 2]?2/7"3 "I"‘ 3“-2012 P4/’I‘5,

according as we adopted the conception of bar-magnets, or permanent electronic
orbits.

Now «, differs from «, only in respect of the fifth-order terms. The term in o, is
minus three times the fifth-order term in «,. No doubt this happens to be the case
when the two elements have their axes parallel. But since in either case, the energy
must vary continuously as we change the orientation, we infer that even when the
axes are not parallel, w, could be deduced from , by simply multiplying the fifth-
order term in «, by minus three. We feel justified in making this short cut as we want
to see the form of the solution only. So we proceed to calculate «, :—

Let 2a,, 2a, be the lengths of two bar-magnets ; (l,mn,), (l;mqn,) their directions ;
p1s g their moments ; and 7 the length joining their centres 0;, 0.

The mutual potential energy of two such bar-magnets is easily worked out as
follows.
If s, s, be lengths measured along the two magnets from 0,, 0, respectively, then

771 = 0,0, = some function of s;s,

== 88y U (818;)-
VOL. CCXXVIII,—A, 0
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The mutual potential energy of two poles of the one and the two poles of the other
is seen to be

MMy [% (g — @y, 83 — @) — 4 (8, — @y, Sy + )]

— Mg [U (81 + Gy, 83 — @) — U (81 - @y, Sy 1~ Gg)].

Expanding by TavLor’s theorem and simplifying this becomes

2y Baite| o otu ctu :I
Hathe aslasfr 1 35, 03, et 35, 05, T

If we put @, = a, = 4a, my = m,, then p; = p, = p = am, and we get

_ 2 0% p@(ﬁ[ 9ty atu ]
¥ 08, 085 082 08y = 08 083

2w, =

Hence, modifying the second term we have

o2 4 p.2a2< o4 o4 )
2y = p? — .
“2 y. 08y 08, 8 \0s,® 0s, + 0s; 085° ¢
Now we have
U =1 = (2, — x,)% + (?/ — Ya)* + (7 — %)
d 4, 0 0
. l;,a l—l—mlayl—f—n;_
o _, 0 0
35, _l2550—2+m2§§2_+ %822’
so that :
ou , ou _
ey -+ 3 0, ete.
Weite,
ou _ __ ou _ du
0%y 0z, Ox
We have

20, = — p? <2 A%) (Z la-a%)u

22 8 8
i Grg) Grg) + (ug) (mrd) s
neglecting terms of order higher than u5.

Now, X 2w, represents the contribution to the energy per cell from the mutual action
between the two lattices L, L,. To this we must add the contribution arising from each
lattice by itself.” Obviously these contributions are [ wy], -5, and [@,], .

In other words, if we write explicitly w, = w, (1, l), the energy per unit volume of
the system formed by L;, L, interlocked is

W2 = ;)l-gL?wz (ll, Zl) +2L2L Wy (ll, lg) -Jr % Wy (ZZ, l2)] .
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THE THEORY OF FERROMAGNETIC CRYSTALS. 97

Out of this expression, the third-order terms are

C 2R b2 S (b2 b b )+ ) ]

The summations over the infinite lattice of the mixed derivatives of « vanish since
the lattice is rectangular, and as before the third-order terms reduce to

- —-—[2(12 +1%) (U, — A) + 22 L1, (V,, — A)].
The remaining terms are of the fifth order and they are,
ol 1 et ]
T 8 Eas1 E 085t +L,2,L, 08, 08, + 08, 08,3 Y-

We know that the space-centred cubic structure is specified by

+

x=ps, y=gs, 2=1rs, where p=g=r (mod.2).

And in X or 2 if one magnet be taken at the origin all the others will have (p, g, )

L,

even. Butin 2 if a magnet of L, is at the origin, those of L, will have (p, g, r) odd.

Ly, Ly
Hence the above expression may be written as

Lz Gatran) o 2w, man) ]
8(03 p%’ 8814 + 8824 u.{- p%’r' 8813 832 + asl aS23 u ’

where _
(p, g, 7) take even values from — ® to + ®,

and

: (p's ¢, ') take odd values from — ® to + »,

of course

u“ﬁ—w2+y2+z2—s2( 2+q2+;r2),
Wr=a? 4yt 2= (p? g% +12).

On account of cubic symmetry we must have
ar+s+t

H

zr%r oa’” oy’ 07’ “=

when at least one of the integers r, s, ¢ equals zero.* This result is true whether (p ¢7)
take all integer values, all odd values only, or all even values only. We shall make use
of this in what follows.
Write for the present
0 , d ' d

l’l_ll_am’ my *-9721“‘aya Ny = Ny =

T 0 , 0 .
==2.__ - e —_— —

Vy=1 3 m'y mgay, Ny =Ny m

* The temporary duplicated uses of 7 and s here must not be confused.

o2
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98 G. S. MAHAJANI ON A CONTRIBUTION TO

Then,
O W ol ) (U -y W)
05t | Osyt 2 2 2

- Now, in our grouping n, = — 1y, = n.
Therefore
84 84 ’ / ’ 7 ’ ’
+ = (l'y +m'y +0')* + (Vs +m'y — n'})?

05, | 08,
= (l/14 +m' Ut - m 2‘""14) +6 (l/12m,12 -+ llzzm'22)

41202 (V' + m's® -+ V2 +m' P

leaving out terms which lead to vanishing series.

Now, write
v Smi‘ R ZETR IE R
o 624 =i 2 558;6%2 o awa:gy“:js'
Sl Bata=iv 2 istp=i

where (p g r) take all even values and (p’g'r’) take all odd values.
Cubic symmetry at once gives

=y = hy = by say, o =ja = o =j o = Wy =Is = I, andjs =7y =3 =4
Making use of these we get |

2(8_4_11 ot u

05, +23 st ) = h (l* + m* + bt + my + 2nt)

+ 7 [6 (l2my® + 152 mo?) + n? (I + m® 4 1P + ma?)],
using X [;2 = % [,2 =1 and omitting the constant part we get
2 (3 — h) (LPmg? + LPmy?) + 4 (3] — &) (0* — n) =say Qs.
To find, now,
ot ot ] u

Z 3 —l— 3
p’q’T’LaS]_ 832 831 882

Here we have to simplify,
'y +m'y n'l)sl(l’2 +m'y +0'y) F (s +my 0y (U m'y +0)
Omitting terms involving an odd poewer, as these lead to vanishing summations, we get
g +m'ym'y +n0'wy) (2 +m'2 402 U2 4 m? 4 n'?)
F 2B [(Vym'y + 1 am'y) (Uam/y + 1Uym'5)],
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THE THEORY OF FERROMAGNETIC CRYSTALS. 99
i.€., .
4 .,
(DU (2 + LN EY + | 2 Bl (n2 + 0+ me +ng)
[ | ot
2 s -+ ) (s -+ gl | ot
Using the relations £ [,2 = X [,2 = 1, n; = — n, = n the above reduces to, say Ry, where

Rs = [Lly (12 + 1?) -+ mPmg® (m® + mg?) A — 2h'nt .
+ [lll2 (m12 + m22) _‘" m]_m2 (l12 + l22) + 2 (llml + Z2M2) (llmg + szl)]j,
444" (L1, + mymo)n® — 6)'n? (1 — n?). :
Thus the energy per unit volume arising from the fifth-order terms is

wia? (Qs + Rs)/8w.

Also, the energy arising from the third-order terms has been seen to be

u?
— Q—sPs’ where
(O]

Ps =X (ll2 + l22) (Uxx - A-) + 2% l1l2 (V:rx - A')'
In the present case of a circular plate of cubic structure,

U:m: = Uyy = Uzz’ sz = Vw/ = sz’

A=B, C=01—2A and %, = — 0, =n.
Hence

Py = (* + 1) p. + (m® + m?) p, + (0 + n?) p,
+ 2L15q, + 2mymag, + 2nym.9,.

Where as before p, = U,, — A, etc., and ¢, = V,, — A, etc. These, of course, are
constants. Further p, =p,, ¢, =g¢,;as A =DB. Hence,

Py = p, (12 + m?® 4 12 + mg?) + 2n*p, 4 2 (41, -+ mymy) g, — 2nq,.
Writing
P.=p,=p =9, =¢, wehave p,=p+A—C, ¢, =9+ A~—C.

Hence P; reduces to 2p + 202 (A — C) + 2 (I, + mym,) ¢ — 202 (¢ + A — C).
Omitting the constant part this becomes simply 2 (I, + m,m,)q — 202 g.
Further, energy arising from the external field H is

e 1)+ o+ my) 10,
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100 G. 8. MAHAJANI ON A CONTRIBUTION TO

Collecting together all the terms and results we make the total energy — «®T/p?
stationary subject to £ 1,2 =1, ;2 =1. And T is equal to

q (Ll + mymy — n?)
— 123 — 1) (gt + Longd) + 1 (hly (02 + 152) ~+ gy (2 + )
+ .7" {1y (m® + mg®) + mymy (L2 4 1,2) + 2 (hmy - lymg) (lamy ~+ Lim,)}
+ 45" (Ll + myms) 0® — 65'n* (1 — n?) + 4 (8] — h) w2 (1 — n?) — 2h'nt]
~ B 1)+ 4

As usual we get two relations

oT f; _ aT |

571/ b= 'a%,/ My (5.1)
ol [, _ oT '
gl“g/lg = 51—7‘%2/7%3, e e e e e e e e (5'2)

Adding (5.1) and (5.2) we get one relation. Call it &-relation.

Subtraction gives say n-relation.

These are much too complicated, and we shall work them out in the next article for
the particular case of % = 0.

oT [, _ aT .
[21] [a_ll / l, = 3, / m,] gives,

q (lemy — lymy)
2
"‘%’[4 (8) — B) ymy (m® — 1) 4 B’ {(my1s® — Limy®) + 3Lmy (L1, — mymg)}
+ 3" {lamy (mg® + mg?) — msly (12 4 15%) + 2limy (mymy — Lly)
+ 2 (bymy -+ Lamg) (mymy — Lls) + 2 (Limy + lymy) (m?2 — 12)
0 + 402 (lamy — lym,)}]
+ 2 @ — 4y —o.
®
. oT oT . . . . .
The relation [57 / ly = 5 / mg] is got by interchanging (I,m,) with (Im,) in the
2 2

above relation.
We shall put n = 0 and work out the result further.
Adding up the two results after putting n = 0 gives the result—

© L4 (b — ) oy (B — m2) + Lamg (L2 — my?)
+ B {12 — mg?) (myly + Lomy) + 3 (Lmy + Lamy) (Lls — mymyg)}
+ 7" {(ms® + mg?) (lomy =+ limag) — (L2 + 1,?) (lomy + lim,)
=+ 6 (lmy + lLamg) (mymy — Lls) + 2 (Lmg + lmy) (mg? + mg? — 12 —15%)}]

= g [(I'my — L'y + ('my — Lym))]. . . (€)-relation.
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THE THEORY OF FERROMAGNETIC CRYSTALS. 101

Similarly, subtraction gives
2q (lymy — lymy)
— %2[4 (h — 35) (12 — me2) Lomy — (I — mo?) Tyma)
=B {(lamy — lLymg) + (Igmy - 1Limg) (my® — mg?) -3 (Lmg — lamg) (Fil, — mym,)}

+ 7" {(mg® + mg?) (lamy — lymg) ~+ (12 + 12) (lamy — lymy)
+2 (mymy — Ll,) (ymy —lymg) +2 (Limg +lgmy) (mg? — 12 —mg® —12)}]

+ 13 [(Z,Wh - l1m,) - (l’mz —lym)] =0. . . . (v;)-relation.

Reduce these £ and y-relations by introducing the usual notation ', m’ = cos ¢, sin ¢
li; My = €08 Yy, S0 Yy ; Iy, My == COS g, SIN Yy 24 = 3 + §pand 1/ =cos § (Y1 — ¢3) ;
write also f, (I/3) == cos n (¢; — $,).

Take first the &-relation :

Coefficient of (A — 87) == 2 sin 2¢, cos 2¢; + 2 sin 2¢, cos 2¢, = sin 4¢, - sin 4¢,
=280 2 (Y - $a) €08 2 (s — ba) = 2 sin 44 fy (I/9).
Coefficient of A" == (cos? ¢; - cos? ¢, — 1) sin (¢; + ¢,) | :
' + & (sin 24, + sin 2¢,) cos (41 + ¢,),
- =4 (cos 2¢; -+ cos 2¢,) sin 2¢ + 3 sin 2¢ cos (P, — ¢,) cos 2¢
= cos 2¢ cos (§; — §,) sin 2¢ + 3 sin 24) cos (4, — ) cos 2¢
= 4 cos 2¢ sin 2¢ cos (Y, — §,) = 2sin 4¢ f; (I/9).
Coefficient of j* = sin (¢; + ¢,) (cos 2¢; + cos 2¢,) + 6 cos (¢, + ) (§ sin 24,
-+ 1 sin 2¢,) + 2 sin (4; -+ ;) (cos 2¢, + cos 2¢,)
= 3sin 2¢ (cos 2¢; + cos 2¢,) + 6 cos 2¢ —sin (Y; + ¢,) cos (¢; — ¢5)

= 6 sin 44 cos (Y; — ¢;) = 6sin 4¢ f; (I/9). |
Hence we get

%2[(73-— 37)2 sin 49 f, +2h" fisin4y — 65’ fisind¢] = —-%—Isin (¢ — )1/,

1.e.,

HI sin (6 — ¢) =
sindg [(hfy + 1 f2) — 3 (1fs +5°f)]

Take now the »-relation :

Coefficient of g =2 sin (¢, — ¢,) = 4 sin (4 — 4y) I/, V

Coefficient of (b — 37) = 2 sin 2¢, cos 2¢, — 2 sin 2¢, cos 2¢,
= 8sin § (¢; — ¢y) I/ cos 44¢.

3
— 9—8—& J = — 0% 0332,
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102 G. 8. MAHAJANI ON A CONTRIBUTION TO

Coefficient of 2’ = sin (y; — §,) ;- sin (Y; + §,) (sin? ¢; — sin? ¢,)
3 (sin 2¢, — sin 2¢,) cos (Y, + $,)
= sin (Y; — p) {1 + sin? 2¢ 4 3 cos? 2¢}
=4 I/ sin § (¢ — $2) (1 + cos? 2¢)
and coefficient of 7' = 2 sin (¢ — ¢,) — cos (¢; -+ ¢,) (sin 2¢; — sin 2¢,)
~+ 2 8in (Y3 + ) (cos 2¢, — cos 2¢,)
= 2sIn (¢; — ¢p) {1 — cos? 2¢ - 2 sin? 2¢}
= gin (¢, — ¢,) {2 — 2 cos? 2¢ - 4 sin? 2¢}
==sin (¢, — $y) 6 8in? 2¢
= 68in § (43 — 4s) €08 § (1 -+ $s) (1 — cos 4¢)
= 6 sin § (P, — ¥p) (1 — cos 4¢) I/9.

and the coefficient of H/p = sin (¢; — ¢) — sin (¢, — ¢)

= 2 sin § (¢ — bs) cos (¢ — ¢).
Thus we get
Lsind (4 — 4] 40— (800 ) fucos 4441 (1 08 20) + 6 (1 - cos )} |
= —Zsin § (b — ba) cos (§ — ).

Since there is no saturation ¢, = ¢, ; hence cancelling out the factor sin § (¢ — ¢,).
we have

H cos (¢ — ¢) —
1[24-‘;—2{40; — 384) frcos 4y + 2k’ (1 +cos*2¢) + 35" (1 -—00344')}}

Summing up the results we have in the case of a space-centred cubic structure, with
weak fields, H acting in the plane of a circular plate, with the assumption of

(lomy) # (lgmy) and  my = — e = 0,
the following results :.

Heos(¢ — nla)/I [2({ —-a—§ {4(h — %) frcos 4 + 2k (1 + cos? 2¢) + 35’ (1 — cos 4¢) }]

= —1a?,

and

HIsin (¢ — ¢)/fsin 44 [(Afy + Bfi) — 3 (jfe +5H)] = — Le &?F? 0

[22] Some observations on the results obtained in the last article.
Consider the result

HI sin (¢ — ¢)/sin 4¢ [(kfs + ) — 3 (ifs +5f)] = — f @S et.
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THE THEORY OF FERROMAGNETIC CRYSTALS. 103

In obtaining this, no factor of the type sin & (4, — ¢,) was cancelled out; we can
therefore apply it in the case of saturation. To show that this reduces exactly to the
result in the first part, put I =9, ¢, = ¢,, and thus

fy=cosn (4 — ) = 1.
The formula becomes

Hsin (¢ — ¢)/ sin 4y = — Jga?0® [(h + #) — 3(5 +5)]

Now,

Observe that, putting u™2 = 72 = g2 + ¢? 4 22,

Eria xu?,
2
%;:g = — u? -+ 3725,
2w
e = 3uxu’ -+ 6zu® — 152°u" = Yxu® — 15237,
and
M s 7 2,7 9
Eoi u® — 45x%u" — 45x0%u" - 10524u°,
3
87%%& = 3yuw’ — 152%yu’,
and :
oty = Sub — 15120 — 15227 2,2,/9
W-— w — 15y2u" — 152%u” + 1052%¢2u°.

Hence we have

(h+1)—3(+J) = Z [45y%u" — 4522u" - 105 (2* — 322y?) u°]

4
:105[2?_— ]
poar 79
Z/_

\Smce by cubic symmetry

¢-25)

And since z, y, z = ps, ¢s, rs, we have u™2 = s2(p? 4 ¢® -}-#2). And
(h+W)—3(j5+y) =105 (P — 3Q)/s

where P, Q are the same constants as introduced in the first part, viz.,

P==x i
v (P? - @2 + 72)9/2 ’
p =g =17 (mod, 2)
Q= g2

p .
pgr (P2 -+ {Zz -+ 7'2)9/2
VOL. CCXXVIII.—A, P
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104 G. S. MAHAJANI ON A CONTRIBUTION TO

Thus the formula reduces to
H sin (¢ — ¢)/J sin ¢ cos ¢ cos 2¢ = 105 a? w?® (3Q — P)/4s°

as expected.
Next consider the other result

Hcos (¢ — ¢) /I [241 - = {4 — 3j) froos 4y .. }] 13,

If we adopt a simple doublet conception and neglect, therefore, the fifth-order terms,
we must put ¢ = 0, and we get

Hcos (¢ — ¥)/2q] = — }0d.

Now the result obtained before for the non-cubic case was

H cos (?S - Lp)/I [Qr + Qy - (px _py) COS2L{J] = %— w?,

In the cubic case p, = p, ; ¢, = ¢, = g and hence this reduces to the above result.
3. If we confine our attention to the magnetization produced when H acts along a
principal axis, we get
H/I = — qod.
Nowg=V,—A=V, —A
By cubical symmetry,
Vo=V, =V, =%

A+B+0= 07 (4 + By +Cy) = 07,

A =B, C=0"3—2A.
Further

T dx
AO 2ab0j m, etc.,

and hence
A, <Gy, ifa >,

which is the case for our circular plate where ¢ = b > >c. In anycase A7 <<}
and thus A << tw~3. Hence ¢1is positive. '
Thus the result H/I = — w?q leads to a negative value for the susceptibility

r=1H=—g"6"=—(—A)"

The explanation of the negative sign is probably this. In a crystal, when temperature
effects are neglected, the stable state is the saturation state, and y loses its meaning.
To pass on to any other state than the saturation state, we must apply H in the opposite
direction, and naturally y comes out negative.

* Appendix C, note 2.
1 Appendix C, note 3.
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THE THEORY OF FERROMAGNETIC CRYSTALS. : 105

APPENDIX A.
The energy of two elementary current circuits.

We consider the case of two equal circuits in parallel planes, circular in form, each
with a radius b less than the distance between their centres.

The energy of either due to the field of the other is o = 4N, where N is the flux
through the circuit S of the magnetic field created by the other. Obviously,

Now,

The usual formula for Q the magnetic potential of a circular current* is

b2 1- b 1.3.5.7...2n—1
Q —271:7/|:2¢2 —P, — 5 i Py... +(— 1)+ : .04.6 Q%n P, . :I
for r > b.
Hence,
0Q b2 Bt
~ 88 _ g [ P, —§ % P; - ]
and
oQ J,08p g b )
__a:=-—2m[—%——2P L.
0 that
0Q b2 6 . 2, L
— %2 —omi | 5P — 3 SR o+ 2 i 3 B — 5 |
.62 205, bt . '
_—_2nz[ﬁ<p.Pl—-SmQ P1>+¢_5(% sin? 6P’ — %pnl%)il
Now,
uPy — §sin? 0P = p? — 3 (1 — p?) =B —1) =P
and, since
Py () =% (5u® — 3p)
isin? 0P’y — Py =1 (1 — ) § (150> — 3) — $u (5p* — 3u)
=% (— 3 +30p* — 35p) = — Py (n).

Thus we have
0Q  2mib? 37:’1])

» 5 P2 — ——P,, neglecting higher terms.

We have now to integrate this expressmn over the area S and express the result in
-terms of (R, &) the co-ordinates of the centre of S.

* Jrans ‘ Electricity and Magnetism,” p. 422.
P2
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- 106 G. 8. MAHAJANI ON A CONTRIBUTION TO

It is not difficult to see that so far as the fifth-order term is concerned we need simply
write R and cos  for r and cos 6 respectively and multiply by the area S which is =b2.
The error involved will be of a higher order than the fifth. Thus

v_ J‘L 3mibt P, (cos 0) dS = — 3’;;;17 P, (cos ) correct to R8.

To consider now

Hs 2rib? P, (cos 6) dS.

N\

MOC = 9,
0C.= R,

MOP = o,
OP =7,
A\

ACP = ¢,
CP = o,

OM || the axis of the circuit.

The fig. shows at once that

R
cos 0 ==cos ¥
r

72 = R2 4 2 4 2Rp sin I cos ¢,
dS = oded¢

Now,
” 2r1b? P, (cos 0) dS = 2mib? “% das.
The integrand
f___(o?g_s_ﬁ_) 1 [8R? cos? §/(R? - ¢ + 2Rp sin Y cos ¢)52
— (R2 - ¢ - 2Rp sin & cos $)32].
:-.1_[3 00823'{ i(p + 2Rp sin & cos ¢> _|_5 7(¢* + 2Rp sin & cos ¢> }
2| T Rs 2 R? 2. 4< R2
_“_1_{1__2<2—]—2Rpsm53rcos¢>+ <2+2R981113005¢> }]
Rs R2 24 R?
=%[3 cos2R§ —1 25 slnlicos q5( 3o S — ) __1?(_ 3 cost & — 3)
4¢% sin® & cos? ¢ (5 7 . 3-5>:l
+ e 3- 43 cos? & 2—‘4 | .
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THE THEORY OF FERROMAGNETIC CRYSTALS. 107

Each of the terms in the above expression is to be multiplied by the areal element

ededd and integrated'over the range j: de jiﬂdtﬁ.
Observing that j" f" ododd = nb? j” f" 2dp cos ¢ dp = 0 j" f" oS dodp = b
0J0 : ’ 0JO ’ 0JO 2 ’
b (2w '
and [ j e dp cos? pd ¢ = Imb?,
JoJo :
we get the result of integration as

2|:§—(-3-9§2-§—_———-1- mb? — 0 — (4 cos? § — { )lnb4

R3 R
+ 2i4 sin? 9 (105 cos? $ — 15) 4 ERI%]
2%3 (3 cos? 9 — 1) 4+ 16R5 3[2 (1 —cos®9) -l- sin? 9 (35 cos? 3 — 5)]
= R-3nb?P, (cos ) — 3% wb* [3 — 30 cos? $ - 35 cos* $]-R-°
1>2 (cos 9) — 3 b” |

= P, (cos 9).

Thus taking account of the results obtained hitherto we get

o = 3N = — ﬁ — dS == Hs[gg’ P, — 3mb4 P4:|dS

0z
n232ht n%zb“ 2 322p2
BT P,—2 P, = P =

2,26
— 3"'57/b P4+

“9R5 P

where A (== ¢nb?) is the moment of the equivalent magnetic shell t.e., the magnetic
moment of the circuit.

Now if the currents are permanent, in the sense that they are not subject to induction,
the energy must be taken as, —3iN. And in that case we have

w = — 7\21)2/73 + 37‘»22)2}’4/'75.
ArpENDIX B.
Calculation of P, Q where
== p4 —] qzrz == ] ==
P p?r (pz + q2 _:‘ 72)9/2 ’ Q 11;17 (pz + q2 "'l" 72)9/2 ’ [p q T (HIOd. 2)].
We have .
3 (P +2Q) = 1 = 37%2B, where s = 5.

par (])2 + q - 7.2)5/2
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108 G. 8. MAHAJANI ON A CONTRIBUTION TO

Now the values of B, from s = 4 to s = 30 have been calculated by J. E. Jones and
A. E. Incaam.* Thus P 4+ 2Q is known. In what follows we shall calculate P — Q.
The values of P, Q can then obviously be easily deduced,

2 __ »2)2

Separating the terms in which (p q r) are even and those in which they are odd, we
write

no2 2, =3 (mod. 8) N2

1

where
W,= X (12 — I2)2
LA+l =n

We shall calculate the sum of the first twenty terms in the first series and three terms

in the second. Denoting it by S,, we have
P—Q>8,.

To find an upper bound, we make use of the simple fact that (g2 — )2 =< (p® - ¢ + #2)2.

Thus P — Q < 8, -+ (the remaining terms with (p® + ¢ 4 #2)® written in place
of (¢# — r*)%).

That is to say we have

’ 1 20 W/n
P— Q,< S, +%p‘3, ( 2+q2+7.2)9/2_'61

where W', = number of representations of » as a sum of three squares.

Write the above as

P‘_Q<Sl+‘%’3—5/235—_M‘_N.
Thus we have
Sl < (P - Q) < Sl ‘{"‘%‘3_5/2 .B5 - (M "!"N). ...... (3)

Before giving the calculations of 8;, M, N, we shall state the results that will be obtained.
S, = 0-088395:
M= 0-15735%¢
N = 0-2982%

B, =14-7585%. . . . . . . (JovEsand INGHAM)
Whence,

P 4-2Q =13752B; = 3772B; = 372 X 14-75850; = 0-31557. . . . (4)
Next, 4 3752B; = 0-4733%

Hence substituting we get
0-0883952 < (P — Q) < 0-08839%; +- 047337 — (M + N).

7.e.,
0088398 <P —Q <0-1061%% . . . . ... .. (5)

* ‘ Roy. Soe. Proc.,” A., vol. 107, p. 640 (1925).
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We shall solve now (4) and (5) as two simultaneous equations, and get the limits for

P, Q.

P +2Q = 0-31557 P + 2Q = 0-31557
P — Q= 0-08839 P —Q=0-10615
Therefore, ' t Therefore,
P =0-1641} P = 0-1759
Q = 0-0757¢ Q = 0-0698°
and 3Q — P= 0-0630¢ and 3Q — P= 00334}

Thus the results of this appendix are

0-16411 < P < 0-17596
0-06980 < Q < 007573
003346 < 3Q — P < 0-06307.

Calculation of S;, M, N :—
Write, ¢, = W, /n®2, ', =1 /n®".

Then
20
Sy ’—“-B‘lzf'? by + 5 (st + by +157)
20
M = @JZ z “ ’nt’m
1
N= %‘ (Wlatla -+ W’ut’u =+ W,19t’19 + Wﬂ27t,27)’

The calculation of each term was effected by means of a logarithmic ta,bie, and the
results are entered in the table attached. We shall indicate here how W, and W,
are to be found for any given n. There does not appear to exist any formula for these.
Each case has to be separately worked out. We shall exhibit the procedure in a typical
case. Taken =17. Then as our notation goes,

Wy, = Z (1> — 1),
AL IAS TAES Vg
and W', = number of representations in which 17 can be expressed as a sum of
three squares.

It is easily seen that 17 = 02 - 12 4- 42 = 22 - 22 - 32 and that there is no other way
possible.

Consider the case (/,0,0;) = (2, 2, 3). Here (2, 2, 3) may have the numbers with either
the plus or minus sign. So eight cases arise (+2, +2, +3). Now the number may
again change places, e.g. (3, +2, +2) and (£2, &3, +2). So in this case the different
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cases become in all 24. If all were different there would be 48 different combinations

of them. Thus the relation
17 == 22 - 22 - 32
gives to W'y, a contribution 24.

Next, when
(Z1Z2Z3) = (i3; +2, :*:2)
l22 -_— l32 _ O.

And each of the remaining 16 combinations gives (I,2 — [,2)2 = (32 — 22)? = 25.
Therefore the contribution to W, is 25 X 16 = 400.

Now, consider
17 = 02 4 12 + 42
We have
(bilsls) = (0, £1, £4), (£1,0, +4), (£1, +4,0).

Again the numbers 4, 1 may be interchanged, everything remaining the same. Then
we get 24 combinations. Next,

from (0, 41, +4), = (I — 1LY =15 X 4,

and since we can interchange 1 and 4 we get 15> X 4 X 2 = 1800.
Similarly from :
(£1,0, £4), T (I — 1,22 =162 X 4 X 2 = 2048,
and from
(£4, £1,0), S (2 —122=1X8=8.
So finally we get
Wi, = 400 -+ 1800 - 2048 - 8 == 4256,
and
Wy, = 24 + 24 = 48,

The whole working bmay be represented as follows :(—

n. hlals. (I3 — 1%, W,. W,
0o 1 4 152x 4 X 2
0—1 4 = 1800 1800
four rows
24
17 1 0 4 162 x 4 X 2
1 0 —4 = 2048 2048
four rows
4 1 0 I1xX4x2
4 —1 0 =8 8
four rows
2 2 3 52X 8 X 2 400 24
2 -2 3 © =400
eight rows ‘
Total, 4266 Total, 4256 48
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ResuLTs 0F CALCULATIONS.

|
P

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

fa \

/,
/

S

a

. - g}; . Uy = ﬁl—m . W. Wy
1 4-00 1-000 4 6
2 0-35355 0-17675 8 12
3 0 0-064157 0 8
4 0-1250 0-03125 64 6
5 01488} 0-017885 208 %
6 0-04536{ 0-01134% 144 24
7 0 — 0 0
8 0-011045 0-0055243 128 12
9 0-023775 0-0041153 468 30
10 0-03693; 0003162 1168 24
11 0-02108§ | 0-0024915 1024 24
12 0 00020043 0 8
13 0-0094775 0-0016413 976 24
14 0-010905 0-0013633 - 1568 48
15 0 — 0 0
16 0-0039063 0-00097655 1024 6
17 0-012355 0-00083925 4256 48
18 0-0095387 0-00072745 4248 36
19 0-0018027 0-0006355) 1024 2%
20 0-0046519 0-00055903 3328 24
27 00033373 0-00026} 9216 32

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

VOL. GCXXVIIL.—A,

“'The reader will verify from the foregoing table that,
20 ;

2 t, =4-8182%%,

1

by -+ by by + by =0 '026223{;-

Q
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Thus
Si = ¢ [4-8182:5] + 4 [0-026228

= 00752815 4 0-013115
= 0-088395:.
e TWLL,
= _iL?: [12 {t/5 —.{’_ t,G —{“ t’]o l_ tlll —%" t’13 + 2{’14 J< 2"’17 _E_ ["’19 L— 5'20}
B 2, ot 2 - By b g L B 4 {y - ya)]
PX Y 41z
X = 0042123
Y=1
0

M

I

-4217365:

Z = 0-066153%.
Thus M = 0-015796% -+ 0-13325% - 0-008269; = 0-15735%;.
Similarly—

N =4 ('3 -+ 8ty 3ty -+ 4'y)

=: 0 -298232%.

Summary.—The Results are—
0:16411 < P < 0-17596
0:06980 < Q < 0-07573
0-03346 < 3Q) — P < 0-06307.

We require the sign and magnjtude of (3Q — P) and can safely say that
0:032 < 3Q — P <0-064

1.e., (3Q — P) is essentially positive and of the order 1072,

ArreNnpIx (.

Note I.-—Mr. INGHAM has pointed out an alternative way of calculating (Q — P). It
is based on a paper by InezAM and JoNEs on ““ The Calculation of certain crystal poten-
tial constants, ete.”* It will be now sketched out briefly :—

We have—

P—Q=12%2 0((]'2 - 412)22 _ where s = 9.
- TPy

Tt is easily seen that (P — Q) equals

1 4 _[i s 1
Z—a)(s—=2)|d P+ (1 a) @ (0 ) 2R,

* ¢ Roy, Soc. Proc.,” loc. cit.
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The sum in the bracket can be transformed by formule given by INe¢HAM and JAMES
in their paper and the differentiations performed without any theoretical difficulty, if
we suppose, as we must for convergence, that s > 7. It becomes convenient to split
the sum into two parts, viz., one in which (p ¢ r) take even values and one in which
they take all odd values. Considering for simplicity the part in which even values are

taken, put
p=2lL, q=2I,, r=2[; sothat [,

take all integer values. We have now to evaluate

23'—5 [i 4 2/ ]- ]
de? (s —4) (s —2) {2+ 1 + )2+ (1 — o) LAY oo’

The dash meaning the combination I, =1, =13 =0 is omitted. =~ We have now
the Epstein Z-function corresponding to a quadratic form with D =1 — «?; to this

we apply Lemma 1 in the paper quoted above, and perform the operation Lg%]m“.

The first term in the right hand side of 4-11 in the paper yields—

. R N
rtprie<e (02 4 12 4 12) 97 n<a TN
where
W,= T (l,2 — 12>

L2+t =n

L

In the second term the only part depending oun « is D7, and so there is no trouble
there. The third term disappears altogether. In the fourth we have to evaluate
d? s s

[(—77:2 Q. (as)]uzo. This is equal to

O S I (R A R e A

llﬁ +lzl+lzi<x

=v(v—1) 2 W, (x —n)?

n<x

= v (v —1) 0,5 (), say.

The terms which have to be computed actually, are not therefore very different from
the corresponding terms in the function A, in that paper. The only difference is that
in place of @, the coefficients are W, ; these can naturally be calculated so far as required
without much difficulty, and we have calculated them in the last Appendix.

The real trouble appears to be with the error-term R, (x, s). Here we are concerned

with [;—; Qr (x)} that is, in virtue of (4.05) with
! =0

/ 5 l2 } l32 :
FE JK:+3/2 (\27t /\/lf .7—1 —2~ o - i ——oc;)

522 123 \§k+3/4
1l —= 1 —a/
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This differentiates out into a combination of Bessel Functions and we get functions of
the type which INaraM and JoNEs denote by J, (¢, X), so that some use could be made
of the inequalities in Lemmas 3 and 5. The formule would no doubt be complicated.
- The second part corresponding to (pgr), taking odd values could be dealt with in the
same way as in the B, series in the paper ; the odd terms cancelling out.
It is clear that some sort of approximation could be got in this way ; but it is impossible
to say without working out the error terms what degree of accuracy would be attained.
Note II.—Values of U,,, V,, for the cubic structure are easily obtained :—
By definition,
V = potential produced at a point of say the L,-lattice, by the system which
consists of unit charges at the L,-lattice-points with the corresponding
neutralizing homogeneous charge density.

This latter homogeneous density == — ™. Hence by PoissoN’s equation—
V2V = -+ %, LORENTZ mixed units.

But in the cubic symmetry,

and hence each = } o3,
Similarly, U,, = U, = U,, =} «™3.

Note III.—The following may be quoted from Maxwrrr’s “ Electricity and
Magnetism.” * In his notation )

(L, M, N) = (— dnAg, — 4rBy, — 4rCy).

“ In the case of a very flattened planetoid N becomes in the limit.equal to — 4=, and
L and M become — ¢r?/a.”” 'Thus in our case, Ay = nc/4a, where ¢ is the thickness of
the plate and @ the diameter of the plate. Taking the date of WEBSTER’S experiments,
in the notation we have adopted.

n2ela =0-771 . . . . . Disc A,
and - wcla=0-734 . . . . . Disc B,

Hence dividing by 47 we get obviously Ay < < %.
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